In this case study, we investigated the effectiveness of peer interaction on responses to in-class clicker questions in an upper-level quantum mechanics course. We analyzed student performance on clicker questions answered individually and then again after interaction with peers. We also analyzed student performance by topic. In general, the performance on the clicker questions improved after interaction with peers following individual clicker responses. We also find evidence of co-construction of knowledge in that students who did not answer the clicker questions individually were able to answer them correctly after discussion with peers. Finally, we discuss the trends in the percentage of students present in class who responded to the clicker questions in the allotted time as the semester progressed.
I. INTRODUCTION
Peer collaboration has been used in many formats and instructional settings in physics classes [1] [2] [3] [4] [5] . In the approach popularized by Mazur, the instructor poses concrete conceptual problems as multiple-choice clicker questions to students throughout the class. Students first answer the clicker question individually, then discuss the question with their peers and learn by articulating their thought processes and assimilating their thoughts with those of their peers. Instructors also gain valuable feedback about the fraction of the class that has understood the concepts related to the clicker questions at the desired level. The clickers and peer discussions invite active student participation during class time and help them monitor their learning. Peer interaction also provides students an opportunity to be coached by peers who may even be able to discern their difficulties better than the instructor [1] [2] [3] [4] [5] .
Here, we discuss the findings of a case study in a quantum mechanics (QM) course which involved peer instruction with clickers as part of the in-class instruction. Learning QM is challenging even for advanced students, and prior studies have focused on the difficulties upper-level students have with quantum physics and how to help them learn QM better [6] . We compare students' performance on in-class conceptual clicker questions (concept tests) answered individually after lecture focusing on student difficulties with their performance on clicker questions answered after peer interaction. We also discuss some possible interpretations for the findings. Our case study was designed to shed light on the following research questions: 1) How do students in a QM course perform on clicker questions administered after lectures focusing on their difficulties? 2) Does peer interaction lead to improved performance on clicker questions? 3) What QM concepts do students find challenging as clicker questions? 4) After peer interaction, how often are students in groups able to correctly answer clicker questions if no group member could correctly answer the clicker question before discussion? 5) What are the students' clicker participation patterns during the semester?
II. METHODOLOGY
This case study was carried out in an upper-level undergraduate elective QM course taught at a large research university. The course consisted of 20 students (mainly physics juniors and seniors) and met on Mondays, Wednesdays and Fridays for 50 minutes. It focused on topics such as the hydrogen atom, identical particles, quantum statistical mechanics, time-independent and time-dependent perturbation theory, and other approximate methods for solving the Time-Independent Schrödinger Equation. In addition to weekly traditional textbook homework problems on the material that was already discussed in the class, students were also assigned weekly pre-lecture readings from the QM textbook by D. Griffiths as homework. They were asked to summarize the assigned reading from the textbook and identify the parts of the material they found challenging. They then submitted their written summaries and feedback on the pre-class reading material they found challenging electronically on the course website before class. The instructor browsed over students' reported difficulties with pre-lecture reading in the summaries they submitted online and tried to tailor the in-class lecture and clicker questions to address students' challenges.
After lectures which focused on student difficulties identified in the pre-lecture reading assignment, students were given multiple-choice individual concept tests (ICT) using clickers. Students answered these individually without discussing them with a peer. After answering an ICT, the students were not shown a histogram with the distribution of student responses. Students were then encouraged to discuss the questions in groups of two or three for 1-2 minutes and try to convince their peers sitting next to them about why the response they selected was correct. If students needed more time to discuss the question, additional time was given. After peer interaction, each student individually answered the same clicker question again. We refer to these clicker responses following peer interaction as group concept tests (GCT). We observed that students usually discussed the clicker questions with the same one or two peers seated next to them throughout the semester before the GCT. We therefore divided the 20 students into nine groups based on their usual collaborations in the class during clicker questions, which we refer to as groups A through I. We will use these group identifiers to investigate the effectiveness of peer interaction in different groups. After each GCT clicker response, there was a general discussion about each question as a whole class in which the instructor and students participated.
The ICT and GCT questions were developed over a period of more than ten years and went through multiple revisions based on both student and multiple instructors' feedback. Overall, the clicker questions counted as a bonus 2.5% added to the students' total grade. Students were given 80% of the possible points on the ICT and GCT for participating and 100% for answering the questions correctly. Due to time constraints in the classroom, clicker questions were given as both ICT and GCT only during the first six weeks of the course (even during the first six weeks, the instructor did not administer both ICT and GCT for all clicker questions due to time constraint).
Fourteen of the clicker questions for which both ICT and GCT were administered and which are representative of the various QM topics covered in the first six weeks of the course were selected for analysis in this study and will be referred to as comparison questions. A list of topics covered by the comparison questions is included in the appendix. The multiple-choice questions were first graded as correct or incorrect to determine the "unadjusted" scores. The scores were then adjusted using an established procedure to account for the possibility of guessing, which we refer to as "adjusted" scores [7] . We show in the results section that while the quantitative features of our findings depend on whether the scores are unadjusted or adjusted, the qualitative features are similar in both cases.
III. RESULTS AND DISCUSSION
The average scores on the ICT and GCT for all 14 comparison questions were averaged over all students, as shown in Table I . Overall, there was an improvement in students' performance from ICT to GCT, and the difference between the means of ICT and GCT was significant.
Performance by student averaged over all comparison questions: Figure 1 shows that, on average, students showed significant improvement from the ICT to GCT after discussing the questions with their peers. The same qualitative trend is observed for both the unadjusted and adjusted scores. Figure 1 shows that, with the exception of a few outliers, all students performed well on GCT regardless of their performance on ICT. In many of the groups, both group members showed improvement after discussing the questions (e.g., group D). Also, students who initially underperformed on clicker questions often benefited the most from interactions with their peers, as measured by the difference in the average performance on GCT vs. ICT. For example, in Group A, one student performed much better on ICT questions than the other, but both students performed well on the GCT after discussion with each other. However, Fig. 1 also suggests that sometimes the peer interaction did not appear to help certain students (e.g., one of the students in Group F). Consideration of the overall class grades of students in groups in which one peer did not benefit as much does not suggest any obvious pattern or academic reasons for the lack of benefit of interaction for all peers. Several factors foster productive group discussions. Interaction with peers provides opportunity for clarifying difficulties, especially if there are diverse opinions. Also, students who have recently learned the concepts understand other students' difficulties better than the instructor and may be in a better position to help their peers if they are comfortable discussing their thought processes with their peers. In supportive environments, peer interaction generally helps all students since discussing and articulating concepts gives further clarity to thought processes and can help all students develop a better grasp of physics concepts [1] [2] [3] . Peer interaction keeps students alert and on their toes because they must explain their reasoning to peers. For students who benefited significantly from peer interaction, struggling to answer an ICT before discussing their thought processes with their peers for that question may have been productive and helped them focus on the discussions with their peers [8] . Another reason why peer interaction may have helped students perform better on the GCT is that the peer interaction was extended over a period of time and students may have begun to realize that their peers struggled with the same concepts. They may then attribute their struggles to the difficulty of the subject matter rather than personal factors. This type of supportive class dynamics has the potential to make students less anxious while learning the QM concepts.
Performance by question averaged over all students: We next compare the average unadjusted and adjusted performances for each comparison question on the GCT versus the ICT, as shown in Fig. 2 . Each data point in Fig. 2 represents the average score of all students on a particular question. The students on average showed improvement for most questions after peer interaction, and the trends were similar for both the unadjusted and adjusted scores. Student performance reached the ceiling on the GCT for certain questions involving simple application of principles, such as Question II which concerns Hund's rule for total orbital angular momentum. However, Fig. 2 shows that, on average, students did not improve from the ICT to the GCT on Question III, which asked them to determine the probability of finding an electron in a hydrogen atom at a position between and + from the nucleus. Question III involves synthesis of mathematical knowledge and skills with knowledge of quantum physics. It may be advantageous to first break down such multiple-choice synthesis problems into separate multiple-choice sub-problems (to be posed as ICT and GCT) to make them more manageable for students to think about and discuss with peers before combining them into one clicker question.
Co-construction of Knowledge: Prior research suggests that, even with minimal guidance from the instructors, students can benefit from peer interaction [3] . In particular, those who worked with peers not only outperformed an equivalent group of students who worked alone on the same task, but collaboration with a peer led to "co-construction" of knowledge in 29% of the possible cases in that study [3] . Co-construction of knowledge occurs when neither student who engaged in the peer collaboration was able to answer the questions before the collaboration, but both were able to answer them after working together. In order to determine whether peer interaction shows evidence of coconstruction in this case study, we analyzed performance of students on GCT depending upon the ICT performance of the peers in each group for all questions. Row 1 (with data) in Table II represents the situation in which all group members answered an ICT incorrectly and shows the percentages of all clicker questions for which all group members answered the corresponding GCT incorrectly (column 1 with data), one group member answered incorrectly (column 2 with data), and all group members answered correctly (column 3 with data). For example, Row 1 (with data) in Table II shows that when all group members answered an ICT incorrectly they all answered the corresponding GCT correctly (i.e., they "co-constructed" knowledge) 31% of the time. Row 2 (with data) in Table II shows that when only one group member answered an ICT correctly, all group members answered a GCT correctly 77% of the time. Row 3 (with data) shows that when all group members answered an ICT correctly, all of them answered the GCT correctly 98% of the time.
Clicker trends over time:
We also compared students' average gains from the ICT to the GCT for each of the first six weeks of class instruction, as shown in Fig. 3 . We hypothesized that student groups may become more cohesive and their discussions more productive as the semester progressed, resulting in larger gains from the ICT to the GCT. Figure 3 shows that for the first five weeks of the course, the students had larger gains from the ICT to the GCT each week than they had in the previous week. This suggests that there may be a "learning curve" to peer instruction in groups, and that students may need some time to familiarize themselves with the communication styles and discussion approaches of peers (in addition to the style of the instructor). One possible reason for the dip in Fig. 3 in week 6 may be the difficulty associated with the challenging concept of degenerate perturbation theory. Figure 4 shows the average non-response percentage for the whole class for each week of instruction. The first two weeks of the course had much higher non-response rates on both the ICT and the GCT. However, the non-response rates declined greatly after the first two weeks of the course and stayed low for the rest of the course. A missed response to a clicker question is only counted as a non-response if the student was present in the classroom when the clicker question was given. Attendance in the class was generally greater than 80%. One interpretation of Figs. 3 and 4 is that students needed time to familiarize themselves with clicker question procedures and with their peers and develop the habit of regularly clicking in response to all clicker questions posed. The higher non-response rates on the GCT compared to the ICT could partly be due to students disagreeing with their peers about their responses, getting distracted by discussions and not clicking despite the instructor's reminder before time was up.
IV. SUMMARY
In general, students' performance improved from the ICT to the GCT regardless of the initial difficulty of the clicker questions in individual administration. Students who scored below average on the ICT showed greater improvement in performance on the GCT after peer interaction. Students were able to "co-construct" knowledge in a peer interaction so that all members of the group selected the correct response on the GCT for 31% of the clicker questions for which all group members responded incorrectly on the ICT. For each of the first five weeks of the course, student performance improved more, on average, from the ICT to the GCT than it did in the previous week. Also, non-response rates on the inclass clicker questions started at or above 15% at the beginning of the semester but decreased in later weeks of the course. One possible reason for this trend is that the students may need a few weeks to familiarize themselves with the inclass clicker procedures and group work. We also find that for a given student, the cumulative non-response rates for the entire semester was generally higher on the GCT than on the ICT. To the best of our knowledge, such trends in the clicker responses have not been reported in prior research in physics classes.
